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COCYCLE TWISTS OF ALGEBRAS
ANDREW DAVIES
Abstract. Let A =
⊕
∞
n=0
An be a connected graded k-algebra over an al-
gebraically closed field k (thus A0 = k). Assume that a finite abelian group
G, of order coprime to the characteristic of k, acts on A by graded automor-
phisms. In conjunction with a suitable cocycle this action can be used to twist
the multiplication in A. We study this new structure and, in particular, we
describe when properties like Artin-Schelter regularity are preserved by such
a twist. We then apply these results to examples of Rogalski and Zhang.
1. Introduction
In this paper we study a twisting operation on algebras that can be formulated
as a Zhang twist [30] or defined in the context of group actions as in [20, §7.5]. We
will be primarily concerned with whether certain properties are preserved under
such twists, following the work of Montgomery in [21].
If an algebra A is acted on by a finite abelian group G then a G-grading is
induced. We will denote a cocycle twist of this grading using a 2-cocycle µ by
AG,µ. Such twists can be described in another manner, with the following result of
Bazlov and Berenstein showing their equivalence.
Proposition 1.1 ([6, Lemma 3.6]). The algebra AG,µ is isomorphic to the fixed
ring (AGµ)
G for some action of G on the twisted group algebra AGµ.
We show that applying such twists — in particular to connected graded algebras
when the action of G respects this structure — yields some interesting results.
Our main theorem is as follows. It brings together Proposition 4.11, Theorem
4.23 and Propositions 4.25 and 4.32.
Theorem 1.2. Assume that A is a noetherian connected graded algebra and G a
finite abelian group that acts on A by graded automorphisms. If A has one of the
following properties then the cocycle twist AG,µ shares that property:
(i) it is strongly noetherian;
(ii) it is AS-regular;
(iii) it is Koszul;
(iv) it is Auslander regular;
(v) it is Cohen-Macaulay.
Moreover, some of the twists we have uncovered have not been studied previously
(see [11]).
Our ability to prove that properties are preserved under twisting stems from the
fact that one of the constructions of such twists has not been fully exploited (it
was briefly remarked upon in [6, §3.4]). This formulation generalises an example
of Odesskii from [23, pg. 89-90], and is especially useful since it allows the use of
faithful flatness arguments via the following lemma.
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Lemma 1.3 (Lemma 4.6). As an (AG,µ, AG,µ)-bimodule there is a decomposition
AGµ ∼=
⊕
g∈G
id(AG,µ)φg ,
for some automorphisms φg of A
G,µ, with φe = id. Each summand is free as a
left and right AG,µ-module. Consequently AGµ is a faithfully flat extension of both
AG,µ and A on both the left and the right.
Let us describe Odesskii’s example, which uses a 4-dimensional Sklyanin algebra.
Such an object is important in noncommutative algebraic geometry in the sense of
[4], whose construction can be phrased in terms of an elliptic curve and a point
upon it.
Consider a 4-dimensional Sklyanin algebra over C, which we denote by A; its
parameters and relations are unimportant for the purpose of the example. There is
an action of the Klein four-groupG = (C2)
2 on A by graded algebra automorphisms
and also on M2(C), the ring of 2 × 2 complex matrices. For M ∈ M2(C) and
generators g1, g2 ∈ G, the action is defined by
(1.4) Mg1 =
(−1 0
0 1
)
M
(−1 0
0 1
)
, Mg2 =
(
0 1
1 0
)
M
(
0 1
1 0
)
.
Now take the tensor product of C-algebras A⊗CM2(C). The example is then given
by taking the invariant ring under the diagonal action of G, (A⊗C M2(C))G.
It is natural to wonder if the properties of A are shared by this twisted algebra
and if this construction can be generalised to any algebra or group. Our attempts to
answer these questions motivated the work in this paper. In the subsequent paper
[11] we study twists of 4-dimensional Sklyanin algebras and related algebras from
the perspective of noncommutative algebraic geometry. Theorem 1.2 applies to
such algebras, providing new examples of AS-regular algebras of global dimension
4.
In a paper appearing on the arXiv in January 2015, Chirvasitu and Smith [10]
prove some of the same results. As noted in their paper, our results had already
appeared on the internet in July 2014 [12].
1.1. Contents. We now give a brief description of the contents of this paper. In §2
we define classical cocycle twists of group-graded algebras, while in §3 we construct
the cocycle twists that we will study in two different ways. Our main results appear
in §4, where we prove both Theorem 1.2 and Lemma 1.3.
To end the paper we look for cocycle twists in the context of Rogalski and
Zhang’s classfication of AS-regular algebras of dimension 4 with three generators
and a proper Z2-grading [25]. We show in §5 that several of the families in their
classification are related via cocycle twists.
1.2. Notation. Throughout k will denote an algebraically closed field and G a
finite abelian group, unless otherwise stated. Further assumptions on the char-
acteristic of k will be made at the beginning of §3. By A we will denote an
associative k-algebra, often with the additional assumption that it is N-graded.
This means that A =
⊕
n∈NAn with ab ∈ An+m for all a ∈ An and b ∈ Am.
Such an algebra is said to be connected graded (or c.g. for brevity) if A0 = k and
dimkAn <∞ for all n ∈ N. The Hilbert series of a c.g. algebra is the power series
HA(t) =
∑
n∈N(dimkAn)t
n.
When describing relations in such an algebra, we will use shorthand notation for
two kinds of commutator. For x, y ∈ A, define
[x, y] := xy − yx and [x, y]+ := xy + yx.
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By Mod(A) we shall denote the category of A-modules and by GrMod(A) the
category of N-graded A-modules. If necessary we will specify whether these are
categories of left A-modules or right A-modules. By lgldim A and rgldim A we
will denote the left and right global dimensions of A respectively, and by pdim MA
(idim MA) the projective (injective) dimension of a right A-module M . When
lgldim A = rgldim A we will write gldim A.
We will often consider an action of the group G on A by k-algebra automor-
phisms. The action of an element g ∈ G on a ∈ A will be denoted by the super-
script ag. We will denote the group of group automorphisms of G by Aut(G), and
similarly use AutN-alg(A) to denote the group of N-graded k-algebra automorphisms
of A when it is graded.
The tensor product ⊗ will denote the tensor product over k, ⊗k, if no other
subscript appears.
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2. Background
We begin by defining cocycle twists of group-graded algebras, a classical con-
struction that underpins the twists that we construct in §3.
Assume that A is an associative k-algebra and G a finite group, not necessarily
abelian, such that A admits a G-graded structure A =
⊕
g∈GAg. Consider all
functions µ : G×G→ k× satisfying the following relations for all g, h, l ∈ G:
(2.1) µ(g, h)µ(gh, l) = µ(g, hl)µ(h, l), µ(e, g) = µ(g, e) = 1.
Such a function is called a 2-cocycle of G with values in k× (or more formally a
normalised 2-cocycle). One can define a group structure on the set of 2-cocycles of
G, denoted by Z2(G, k×), via pointwise multiplication.
A new multiplication ∗µ can be defined for all homogeneous elements a ∈ Ag
and b ∈ Ah by
a ∗µ b := µ(g, h)ab,
where juxtaposition denotes the ‘old’ multiplication in A. The new multiplication
is then extended to the whole of A by linearity.
Definition 2.2. With µ as above, set Aµ := (A, ∗µ).
2-cocycles are precisely those functions G×G→ k× that preserve associativity
when deforming the multiplication in an algebra in this manner. Moreover, twisting
by a 2-cocycle preserves the identity element of an algebra. The simplest examples
of such twists are twisted group algebras, denoted by kGµ.
Now consider a 2-cocycle φ for which there exists a function ρ : G → k× such
that
φ(g, h) = ρ(g)ρ(h)ρ(gh)−1,
for all g, h ∈ G. Such a cocycle is called a 2-coboundary. As [14, Corollary 33.6]
shows in a more general situation, the twisted group algebras kGµ and kGφ are
isomorphic as G-graded algebras if and only if µ, φ ∈ Z2(G, k×) lie in the same coset
modulo the subgroup of coboundaries, B2(G, k×). Thus the isomorphism classes of
G-graded deformations of kG are parameterised by Z2(G, k×)/B2(G, k×), which is
called the Schur multiplier of G [13].
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As [30, Example 2.9] shows, the cocycle twists defined in Definition 2.2 can be
formulated as Zhang twists. For cocycle twists of G-graded algebras one therefore
has an equivalence between their categories of G-graded modules by [30, Theorem
3.1].
Finally, it will be useful for us to consider the twisted group algebra AGµ as a
crossed product, whose definition appears in [19, §1.5.8].
3. Constructions
Let us fix the base assumptions under which we will work.
Hypotheses 3.1 (General case). Let A be a k-algebra where k is an algebraically
closed field. Assume that a finite abelian group G acts on A by algebra automor-
phisms, where char(k) ∤ |G|. Fix an isomorphism between G and its group of
characters G∨, mapping g 7→ χg.
Our primary interest in cocycle twists is to apply them to N-graded algebras.
As such, we record the following additional assumptions that will often be used.
Hypotheses 3.2 (N-graded case). Further to Hypotheses 3.1, assume that A is N-
graded and G acts on A by N-graded algebra automorphisms, i.e. G→ AutN-alg(A).
3.1. Cocycle twists from group actions. In §2 we defined twists of a G-graded
algebra. We will now show that when G is finite abelian a G-grading is induced by
an action of G on A by algebra automorphisms.
Assume that Hypotheses 3.1 hold. By Maschke’s Theorem, A splits into a direct
sum of 1-dimensional irreducible kG-submodules. One defines a grading on A by
setting Ag := A
χ
g−1 , the isotypic component of A corresponding to the character
χg−1 . To see that this defines a grading, note that for all homogeneous elements
a ∈ Ag1 , b ∈ Ag2 and h ∈ G,
(ab)h = ahbh = χg−1
1
(h)aχg−1
2
(h)b = χ(g1g2)−1(h)ab,
which implies that ab ∈ Ag1g2 .
Definition 3.3. With the G-graded structure described above and a cocycle µ,
the resulting twisted algebra is written AG,µ := (A =
⊕
g∈GAg, ∗µ). Thus for all
a ∈ Ag, b ∈ Ah one has a ∗µ b = µ(g, h)ab.
We now describe another construction, once again working under Hypotheses
3.1. Define an action of G on the twisted group algebra kGµ by g
h := χg(h)g for
all g, h ∈ G and extending k-linearly. Observe that under this action kGµ is the
regular representation of G, with isotypic components of the form (kGµ)
χg = kg.
Given this action we can consider the diagonal action of G on the tensor product
A ⊗ kGµ = AGµ, where (ag)h = ahgh = χg(h)ahg for all a ∈ A, g, h ∈ G.
The algebra in which we are interested is the invariant ring under this action,
(A⊗Gµ)G = (AGµ)G.
The constructions just defined are related by the following result of Bazlov and
Berenstein.
Proposition 3.4 ([6, Lemma 3.6]). Assume that Hypotheses 3.1 hold. Then
AG,µ ∼= (AGµ)G as k-algebras.
Henceforth, our use of the term cocycle twist and the notation AG,µ will refer to
either of the equivalent twists in this proposition.
Odesskii’s example from the introduction is an illustration of the invariant ring
construction of a cocycle twist. The only subtlety is that the ring M2(C) is in fact
isomorphic to a twisted group algebra over the Klein four-group for a nontrivial
2-cocycle.
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3.2. Twisting the G-grading. In this section we investigate the effect of twisting
a G-grading by a group automorphism. This idea is described in [30, Example 3.8].
Given a G-graded algebra A and σ ∈ Aut(G), one can define a new grading on A by
Aσ =
⊕
g∈GBg where Bg := Aσ(g) for all g ∈ G. When G is abelian this grading
corresponds to another action of G on A by k-algebra automorphisms.
We wish to connect this new grading with a cocycle twist. Given a cocycle µ we
can define an action of σ on µ by
µσ(g, h) := µ(σ(g), σ(h)),
for all g, h ∈ G. It is clear that this is also a 2-cocycle. Moreover, the action
of σ preserves 2-coboundaries and so there is an action of Aut(G) on the Schur
multiplier of G.
Lemma 3.5. For a 2-cocycle µ the cocycle twist (Aσ, ∗µ) is isomorphic as a k-
algebra to (A, ∗
µ(σ
−1)).
Proof. In the twist (Aσ, ∗µ) consider homogeneous elements a ∈ Bg and b ∈ Bh.
Under the graded structure in (A, ∗
µ(σ
−1)) one has a ∈ Aσ(g) and b ∈ Aσ(h). Writing
the multiplication of a and b in (Aσ , ∗µ) gives
(3.6) a ∗µ b = µ(g, h)ab = µ(σ
−1)(σ(g), σ(h))ab.
Notice that the right-hand side of (3.6) is precisely the multiplication a ∗
µ(σ
−1) b in
(A, ∗
µ(σ
−1)). 
We now examine the choice of isomorphism G → G∨. Let us use the notation
(A, φ, µ) for a triple consisting of an algebra, an isomorphism G → G∨, and a 2-
cocycle respectively. When G acts on A by algebra automorphisms each such triple
can be naturally associated to a cocycle twist.
Proposition 3.7. Let G act on A by algebra automorphisms. Let φ and ρ be
isomorphisms G → G∨ and µ be a 2-cocycle. Then there exists an automorphism
of G, τ say, such that the cocycle twists corresponding to the triples (A, φ, µ) and
(A, ρ, µ(τ
−1)) are isomorphic as k-algebras.
Proof. Given φ, we will identify ρ with an automorphism of G as follows. Firstly,
there exists an automorphism ψ : G∨ → G∨ such that φ = ψ ◦ ρ. Suppose we have
an element x ∈ Ag, where the grading is determined under the duality given by φ.
This means that for all h ∈ G,
xh = φ(g)−1(h)x = ψ(ρ(g))−1(h)x.
Since all maps involved are isomorphisms, for all g ∈ G there exists kg ∈ G such
that ψ(ρ(g)) = ρ(kg). We claim that the map τ : g 7→ kg defines an isomorphism
of G. To see this, note that for all g, h ∈ G one has
ρ(kgh) = ψ(ρ(gh)) = ψ(ρ(g))ψ(ρ(h)) = ρ(kg)ρ(kh) = ρ(kgkh).
As ρ is an isomorphism, it follows that τ is also an isomorphism as claimed.
Under the duality isomorphism ρ one has x ∈ Akg , since
(3.8) xh = ψ(ρ(g))−1(h)x = ρ(kg)
−1(h)x,
for all h ∈ G.
Suppose that x ∈ Ag and y ∈ Ah for some g, h ∈ G under the duality given by φ.
Thus x ∗µ y = µ(g, h)xy in (A, φ, µ). Under the duality given by ρ one has x ∈ Akg
by (3.8), and in a similar manner y ∈ Akh . Thus in (A, ρ, µ(τ
−1)) the multiplication
is
x ∗
µ(τ
−1) y = µ
(τ−1)(kg , kh)xy = µ(τ
−1(kg), τ
−1(kh))xy = µ(g, h)xy.
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Since the multiplications agree on homogeneous elements, this completes the proof.

4. Preservation of properties
In this section we prove that many properties are preserved by the twists defined
in §3.
4.1. Basic properties. Unless otherwise stated we assume that Hypotheses 3.1
hold for all results in this section.
We first state a useful result regarding the behaviour of regular and normal
elements under a cocycle twist. This result is not stated explicitly in [30], although
the proof is essentially contained in that of Proposition 2.2(1) op. cit..
Lemma 4.1. Any element a ∈ A that is homogeneous with respect to the G-grading
is regular (normal) in A if and only if it is regular (normal) in AG,µ.
The next two lemmas (the latter from [21]) will be particularly useful when
working with algebras defined by generators and relations.
Lemma 4.2. Let I be a G-graded ideal of A. Then I remains an ideal in AG,µ.
Furthermore, a generating set for I that is homogeneous with respect to the G-
grading is also a generating set for the ideal under twisting.
Proof. That I is still an ideal in the twist is proved in [21, Proposition 3.1(2)]. To
complete the proof it suffices to deal with the case that I = (f) for some homo-
geneous element f ∈ Ag. Suppose that a ∈ A with homogeneous decomposition
a =
∑
h∈G ah. One has
fa = f ∗µ
(∑
h∈G
ah
µ(g, h)
)
and af =
(∑
h∈G
ah
µ(h, g)
)
∗µ f,
which proves the result. 
Lemma 4.3 ([21, Proposition 3.1(1)]). A is finitely generated as a k-algebra if and
only if AG,µ is also finitely generated. Furthermore, if Hypotheses 3.2 hold then A
is finitely generated in degree 1 if and only if AG,µ is too.
Proof. The first part of the statement is proved by Montgomery. By consulting the
proof in [21], one can see that a generating set for AG,µ can be obtained as follows:
take a generating set of A and find a vector space V which contains this generating
set and is preserved by the action of G. Then AG,µ will be generated by V under
the new multiplication on the shared underlying vector space.
One may therefore conclude that under the additional hypotheses of the second
statement of this lemma, the property of being finitely generated in degree 1 is
preserved. 
We now show that gradings are sometimes preserved under cocycle twists.
Lemma 4.4. Suppose that A has a H-grading for some arbitrary group H and that
a finite abelian group G acts on A by H-graded algebra automorphisms. Then any
cocycle twist AG,µ will inherit the H-grading from A.
Proof. We must show that for all h1, h2 ∈ H and homogeneous elements x ∈ Ah1
and y ∈ Ah2 one has x ∗µ y ∈ Ah1h2 , since then AG,µh1 · A
G,µ
h2
⊆ AG,µh1h2 . As G acts
on A by H-graded algebra automorphisms, one can apply Maschke’s theorem to
the H-graded components of A under the action of G. This allows us to further
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assume that x and y are homogeneous with respect to the G-grading, thus x ∈ Ag1
and y ∈ Ag2 for some g1, g2 ∈ G. Then
x ∗µ y = µ(g1, g2)xy ∈ Ah1h2 ,
which completes the proof. 
Remark 4.5. In particular, Lemma 4.4 implies that AG,µ inherits the G-grading
from A.
Before stating our next result, we recall the concept of twisting a module by an
automorphism. Let A be a k-algebra and φ be a k-algebra automorphism. For a
right A-moduleM , one can define a new right A-moduleMφ via the multiplication
m ∗φ a = mφ(a) for all a ∈ A, m ∈ M . One can twist both sides of an (A,A)-
bimodule in this manner simultaneously; in particular, if such an (A,A)-bimodule
is free on each side and the same generator can be used in each module structure,
then one may assume that the bimodule is untwisted on one side (see [9, §2.3]).
Lemma 4.6. As an (AG,µ, AG,µ)-bimodule there is a decomposition
AGµ ∼=
⊕
g∈G
id(AG,µ)φg ,
for some automorphisms φg of A
G,µ, with φe = id. Each summand is free of rank
1 as a left and right AG,µ-module. Consequently, AGµ is a faithfully flat extension
of AG,µ on both the left and the right.
Similarly, A(AGµ) and (AGµ)A are free modules of finite rank, thus AGµ is a
faithfully flat extension of A on both the left and the right.
Proof. We will proceed as in the proof of the main theorem of [27]. Let AGµ =⊕
g∈GM
χg be the isotypic decomposition of AGµ under the action of G. Ob-
serve that AG,µ = Mχe and MχgMχh = Mχgh for all g, h ∈ G, since G acts by
algebra automorphisms. This means that each isotypic component Mχg has an
(AG,µ, AG,µ)-bimodule structure.
The isotypic componentMχg contains the element 1⊗g. An arbitrary element in
this component has the form a⊗ h for some a ∈ Ag−1h = Aχgh−1 . Thus a⊗ g−1h ∈
AG,µ and therefore
a⊗ h =
(
a⊗ g−1h
µ(g−1h, g)
)
· (1 ⊗ g) = (1⊗ g) ·
(
a⊗ g−1h
µ(g, g−1h)
)
.
Consequently, Mχg is cyclic as a left or a right AG,µ-module. Note that 1 ⊗ g is
regular in AG, therefore by Lemma 4.1 it is also regular in AGµ. This proves that
Mχg is a free AG,µ-module of rank 1 on both the left and the right.
By the discussion prior to the statement of the proposition, we know that the
bimodule generated by 1⊗g is isomorphic to id(AG,µ)φg for some algebra automor-
phism φg. To describe φg it suffices to look at the left action of a homogeneous
element in AG,µ on 1 ⊗ g, which can be taken to be a free generator for the left
AG,µ-module structure. Consider a homogeneous element a⊗ h ∈ AG,µh . One has
(a⊗ h) · (1⊗ g) = µ(h, g)a⊗ hg = (1 ⊗ g) · µ(h, g)
µ(g, h)
(a⊗ h).
Define a map φg : A
G,µ → AG,µ by a ⊗ h 7→ µ(h,g)
µ(g,h) (a ⊗ h) on homogeneous
elements and extending k-linearly. To see that this is a G-graded automorphism,
consider homogeneous elements a⊗ h ∈ AG,µh and b⊗ l ∈ AG,µl . Then
(4.7) φg(a⊗ h)φg(b ⊗ l) = µ(h, g)µ(l, g)µ(h, l)
µ(g, h)µ(g, l)
(ab ⊗ hl).
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On the other hand, one can use (2.1) to see that
φg(µ(h, l)(ab⊗ hl)) = µ(hl, g)µ(h, l)
µ(g, hl)
(ab⊗ hl)
=
µ(h, lg)µ(l, g)µ(h, l)
µ(g, h)µ(gh, l)
(ab ⊗ hl).
(4.8)
Observe that µ(h,lg)
µ(gh,l) =
µ(h,g)
µ(g,l) , which follows from G being abelian together with an-
other use of (2.1). Substituting this expression into (4.8) produces the expression in
(4.7). It is clear that φg is injective, therefore it must be a G-graded automorphism
of AG,µ as claimed.
The result is trivial for A by the definition of AGµ. 
The previous result allows us to begin proving that various properties are pre-
served under twisting, beginning with GK dimension. Part (ii) of the following
lemma is implicit in [23, pg. 89-90].
Lemma 4.9. The following statements are true:
(i) GKdim A = GKdim AG,µ;
(ii) Under Hypotheses 3.2 one has HA(t) = HAG,µ(t). In particular, if A is
connected graded then so is AG,µ.
Proof. By Lemma 4.6, AGµ is a f.g. module over A and A
G,µ on both sides. Ap-
plying [15, Proposition 5.5] twice, first to A ⊂ AGµ, then to AG,µ ⊂ AGµ, proves
part (i) of the lemma.
Now assume that Hypotheses 3.2 hold. By Lemma 4.4, AG,µ possesses the same
N-graded structure as A, thus the dimensions of the graded components are the
same for both. 
We now turn to the strongly noetherian property which, as demonstrated by
results in [24], has strong geometric consequences.
Definition 4.10 ([3, cf. §4]). Let A be a noetherian k-algebra. A is strongly
(right) noetherian if for all commutative noetherian k-algebras R, A⊗R is (right)
noetherian.
Our result is a partial generalisation of [21, Proposition 3.1(3)] which was con-
cerned with the noetherian condition.
Proposition 4.11. A is strongly noetherian if and only if AG,µ is.
Proof. We prove that AG,µ is strongly right noetherian. Assume that A is strongly
noetherian. Then AGµ is a f.g. right A-module by the proof of Lemma 4.6, hence
by [3, Proposition 4.1(1a)] AGµ is strongly right noetherian. Using Lemma 4.6
again, the extension AG,µ ⊂ AGµ is faithfully flat on the right, therefore we can
apply [3, Proposition 4.1(2a)] to show that AG,µ is strongly right noetherian.
In the other direction we can use the same argument but with AGµ replaced with
AG,µGµ−1 ; Lemma 4.6 tells us that A
G,µGµ−1 is a right faithfully flat extension of
both AG,µ and of A ∼= (AG,µGµ−1)G.
An identical proof works for the left-sided part of the result. 
4.2. AS-regularity. The aim of this section is to prove that being AS-regular is
preserved under cocycle twists. Although this property only concerns c.g. algebras,
we will prove that certain components of the definition are preserved without any
assumption on graded structure.
Definition 4.12 ([2]). Let d ∈ N. A c.g. k-algebra A is said to be AS-regular of
dimension d if the following conditions are satisfied:
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(i) A has finite GK dimension;
(ii) gldim A = d;
(iii) A is AS-Gorenstein, thus ExtiA(k,A) = kδi,d when k and A are considered
as left or as right N-graded A-modules.
One can calculate the Ext group in (iii) in either Mod(A) or in GrMod(A); since
A and k are f.g. modules, the discussion in [16, §1.4] shows that the two Ext groups
in question are the same.
Let us first consider condition (ii) regarding global dimension. For the purposes
of this section, we only need to show that finite global dimension is preserved under
cocycle twists. However, we will prove the more general result that left and right
global dimension are preserved, regardless of whether they are equal or not.
We will need the following technical result to compare the global dimension of
AG,µ with that of the twisted group algebra AGµ. There is an analogous version
for left modules.
Theorem 4.13 ([19, Theorem 7.2.8(i)]). Let R,S be rings with R ⊆ S such that
R is an (R,R)-bimodule direct summand of S. Then
rgldim R ≤ rgldim S + pdim SR.
Without further ado, we now show that left and right global dimension are
preserved under cocycle twists.
Proposition 4.14. One has rgldim A = rgldim AG,µ and lgldim A = lgldim AG,µ.
Proof. We will give the proof for right global dimension, from which a left-sided
proof can easily be derived. Since AGµ has the structure of a crossed product we
can apply [19, Theorem 7.5.6(iii)] to conclude that rgldim A = rgldim AGµ. By
Lemma 4.6 we know that AG,µ is an (AG,µ, AG,µ)-bimodule direct summand of
AGµ. We may therefore apply Theorem 4.13, which tells us that
rgldim AG,µ ≤ rgldim AGµ + pdim (AGµ)AG,µ = rgldim AGµ.
Here pdim (AGµ)AG,µ = 0 since the module is free by Lemma 4.6. We have
proved that rgldim AG,µ ≤ rgldim A.
Now we repeat the argument with the roles of A and AG,µ reversed, consid-
ering them as subrings of AG,µGµ−1 . One obtains the opposite inequality, which
completes the proof. 
Let us now address the AS-Gorenstein property. Our main tool to prove the
preservation of this property will be the following result of Brown and Levasseur.
Proposition 4.15 ([8, Proposition 1.6]). Let R and S be rings and R → S a
ring homomorphism such that S is a flat as a left and right R-module. Let X be
an (R,R)-bimodule such that the (R,S)-bimodule X ⊗R S is an (S, S)-bimodule.
Then for every f.g. left R-module M and all i ≥ 0, there are isomorphisms of right
S-modules,
ExtiR(M,X)⊗R S ∼= ExtiS(S ⊗R M,X ⊗R S).
Remark 4.16. For some of our applications of Proposition 4.15 we will take R = X .
In that case X ⊗R S ∼= S as an (R,S)-bimodule, from which X ⊗R S inherits a
natural (S, S)-bimodule structure.
Proposition 4.17. Assume that Hypotheses 3.2 hold and that A is connected
graded. Then A is AS-Gorenstein of global dimension d if and only if AG,µ shares
this property.
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Proof. We will give the proof in the only if direction when k and A are considered as
left A-modules. The proof in the opposite direction is identical by untwisting, while
the proof for right modules is almost identical to that below; the only difference is
that it requires the use of a right-handed version of Proposition 4.15.
First, observe that under the (N, G)-bigrading on AGµ the subalgebra consisting
of elements that have degree zero under the N-grading is the twisted group algebra
kGµ. As right AGµ-modules one has isomorphisms
(4.18) k ⊗A AGµ ∼= k ⊗AG,µ AGµ ∼= kGµ,
and as left AGµ-modules we have
(4.19) AGµ ⊗A k ∼= AGµ ⊗AG,µ k ∼= kGµ.
We now proceed by applying Proposition 4.15 with R = X = A, S = AGµ
and M = k. To see that the hypotheses of that result are satisfied, observe that
A ⊂ AGµ is flat by Lemma 4.6 and recall Remark 4.16. Applying Proposition 4.15
gives
ExtiA(k,A)⊗A AGµ ∼= ExtiAGµ(AGµ ⊗A k,A⊗A AGµ)
∼= ExtiAGµ(kGµ, AGµ),
(4.20)
by using (4.19). Since A is AS-Gorenstein of global dimension d we know that the
left hand side is non-zero only for i = d. In that case it is equal to k⊗AAGµ ∼= kGµ
by using (4.18).
We would now like to apply Proposition 4.15 a second time, using R = X = AG,µ,
S = AGµ and M = k. We may apply the same argument as used earlier in the
proof, mutatis mutandis, to see that the hypotheses of that result are satisfied.
Applying Proposition 4.15 we obtain
ExtiAG,µ(k,A
G,µ)⊗AG,µ AGµ ∼= ExtiAGµ(AGµ ⊗AG,µ k,AG,µ ⊗AG,µ AGµ)
∼= ExtiAGµ(kGµ, AGµ).
(4.21)
Combining the information from (4.20) and (4.21) gives
ExtiAG,µ(k,A
G,µ)⊗AG,µ AGµ ∼=
{
kGµ if i = d,
0 if i 6= d.
As AG,µ ⊂ AGµ is a faithfully flat extension on the left, ExtiAG,µ(k,AG,µ) must
vanish in all degrees for which i 6= d. When i = d we have
(4.22) ExtdAG,µ(k,A
G,µ)⊗AG,µ AGµ ∼= kGµ,
as right AGµ-modules.
Since k and AG,µ are f.g. N-graded left AG,µ-modules, the module structure
defined in [26, Theorem 1.15] implies that ExtiAG,µ(k,A
G,µ) is a Z-graded group.
This Z-grading is compatible with the right AG,µ-module structure, in which case
the graded module structure on ExtiAG,µ(k,A
G,µ) allows us to complete the proof as
follows. Consider the (AG,µ, AG,µ)-bimodule structure of AGµ described in Lemma
4.6. Upon restricting the isomorphism in (4.22) to AG,µ, one obtains⊕
g∈G
ExtdAG,µ(k,A
G,µ)φg ∼= (kGµ)AG,µ .
By considering the G-graded components of this isomorphism and noting that φe is
the identity, one obtains the isomorphism of rightAG,µ-modules ExtdAG,µ(k,A
G,µ) ∼=
k, which proves the result. 
We can now combine several previous results to prove the main theorem of this
section.
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Theorem 4.23. Assume that Hypotheses 3.2 hold and A is connected graded. Then
A is AS-regular if and only if AG,µ is. If in addition A has global and GK dimension
≤ 4, then A is a domain if and only if AG,µ is a domain.
Proof. The statement about AS-regularity follows from Lemma 4.9 and Proposi-
tions 4.14 and 4.17. The second part of the theorem follows from [5, Theorem
3.9]. 
The property of being a domain is not preserved by Zhang twists. Such twists
preserve this property when G is an ordered semigroup [30, Proposition 5.2] but
not in general. See [11] for further examples.
4.3. The Koszul property. Our next aim is to show that the Koszul property
is preserved under cocycle twists. We begin by giving one of several equivalent
definitions for the property.
Definition 4.24 ([7, Proposition 2.1.3]). A c.g. k-algebra A is Koszul if and only
if for all i ≥ 0 the Z-graded components of ExtiA(k, k) vanish in all degrees other
than degree i.
Let us now prove our result concerning preservation of the Koszul property.
Proposition 4.25. In addition to Hypotheses 3.2, assume that A is connected
graded and its defining relations are in degree 2. Then A is Koszul if and only AG,µ
is.
Proof. We wish to apply Proposition 4.15 with R = A, S = AGµ, X = AkA
and M = Ak. Let us check that the hypotheses are satisfied: observe that A ⊂
AGµ is flat by Lemma 4.6, while X ⊗R S = kGµ by (4.18), whence it has a
natural (AGµ, AGµ)-bimodule structure. We may therefore apply Proposition 4.15,
in which case one has
ExtiA(k, k)⊗A AGµ ∼= ExtiAGµ(AGµ ⊗A k, k ⊗A AGµ)
∼= ExtiAGµ(kGµ, kGµ),
(4.26)
using (4.18) and (4.19) to pass from the first line of this equation to the second.
Now set R = AG,µ, S = AGµ, X = AkA and M = Ak. One can use the same
argument as earlier in the proof, mutatis mutandis, to see that the hypotheses of
Proposition 4.15 are satisfied. Applying that result we obtain
ExtiAG,µ(k, k)⊗AG,µ AGµ ∼= ExtiAGµ(AGµ ⊗AG,µ k, k ⊗AG,µ AGµ)
∼= ExtiAGµ(kGµ, kGµ),
(4.27)
using (4.18) and (4.19) once again.
The Z-grading on ExtiA(k, k) and Ext
i
AG,µ(k, k) is compatible with their right A-
and AG,µ-module structures respectively. Thus the tensor products ExtiA(k, k)⊗A
AGµ and Ext
i
AG,µ(k, k)⊗AG,µAGµ are naturally Z-graded right AGµ-modules. The
Z-grading on the cohomology group ExtiAGµ(kGµ, kGµ) is also compatible with its
right AGµ-module structure. Moreover, one can see from the proof of Proposition
4.15 (in [8, Proposition 1.6]) that the isomorphisms in (4.26) and (4.27) respect these
Z-graded structures. We may therefore conclude that there is an isomorphism
(4.28) ExtiA(k, k)⊗A AGµ ∼= ExtiAG,µ(k, k)⊗AG,µ AGµ
of Z-graded right AGµ-modules.
Using the free module structures of A(AGµ) and AG,µ(AGµ) described in Lemma
4.6, we may express the isomorphism in (4.28) as
(4.29)
⊕
|G|
ExtiA(k, k)
∼=
⊕
|G|
ExtiAG,µ(k, k),
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at the level of vector spaces. Furthermore, as AGµ is an N-graded left module over
A and over AG,µ, the isomorphism in (4.29) respects the Z-graded structure.
Since A is Koszul, we know that the Z-graded components of the left hand side
of (4.29) vanish in all degrees other than degree i. It follows that ExtiAG,µ(k, k)
must also vanish in all degrees other than degree i, hence AG,µ must be Koszul. 
4.4. The Cohen-Macaulay property and Auslander regularity. In this sec-
tion we will prove that several more homological properties of algebras are preserved
under cocycle twists.
The definitions that follow can all be found in [17, §1.2]. The grade of a finitely
generated left or right A-module M is defined to be the value
jA(M) = inf{i : ExtiA(M,A) 6= 0} ∈ N ∪ {+∞}.
Definition 4.30. A ring A is said to satisfy the Cohen-Macaulay property or be
Cohen-Macaulay (CM) if for all non-zero finitely generated A-modules M , one has
GKdim M + jA(M) = GKdim A.
Definition 4.31. The ring A satistfies the Auslander-Gorenstein condition if for
every finitely generated left or right module M , all i ≥ 0 and every A-submodule
N of ExtiA(M,A), one has jA(N) ≥ i.
The ring is Auslander-Gorenstein if it satisfies the Auslander-Gorenstein condi-
tion and it has finite left and right injective dimension. It is said to be Auslander
regular if in addition to satisfying the Auslander-Gorenstein condition it has finite
global dimension.
The following result shows that all of the properties defined above are preserved
under a cocycle twist.
Proposition 4.32. In addition to Hypotheses 3.1, assume that A is noetherian.
Then A has one of the following properties if and only if AG,µ does as well:
(i) it is Cohen-Macaulay;
(ii) it is Auslander-Gorenstein;
(iii) it is Auslander regular.
Proof. (i) Assume that A is Cohen-Macaulay. As we proved in Lemma 4.9(i),
GKdim A = GKdim AGµ = GKdim A
G,µ. Let M be a f.g right AGµ-module. It
must also be f.g. as an A-module since the extension A ⊂ AGµ is finite by Lemma
4.6. By [1, Lemma 5.4] it is clear that the grades of MAGµ and MA are equal. One
can then apply [18, Lemma 1.6] to conclude that GKdim MAGµ = GKdim MA.
Piecing this together, we find that
GKdim MAGµ + jAGµ(M) = GKdim MA + jA(M) = GKdim A
= GKdim AGµ,
(4.33)
and therefore AGµ is Cohen-Macaulay.
Now let M be a f.g. right AG,µ-module. By applying a right-sided version of
Proposition 4.15 with R = X = AG,µ and S = AGµ we obtain
AGµ ⊗AG,µ ExtiAG,µ
(
M,AG,µ
) ∼= ExtiAGµ (M ⊗AG,µ AGµ, AGµ) .
When combined with faithful flatness of the extension AG,µ ⊂ AGµ by Lemma 4.6,
this implies that
jAG,µ(M) = jAGµ(M ⊗AG,µ AGµ).
By faithful flatness of the extension AG,µ ⊂ AGµ, M is contained in M ⊗AG,µ
AGµ. Therefore by the definition of GK dimension one has
(4.34) GKdim MAG,µ ≤ GKdim (M ⊗AG,µ AGµ)AG,µ .
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By [15, Proposition 5.6] one has the inequality
(4.35) GKdim MAG,µ ≥ GKdim (M ⊗AG,µ AGµ)AGµ .
Applying [18, Lemma 1.6] to M ⊗AG,µ AGµ and using the inequalities in (4.34)
and (4.35) shows that GKdim MAG,µ = GKdim (M ⊗AG,µ AGµ)AGµ . One can
then see from an equality like that in (4.33) that the Cohen-Macaulay property is
preserved under cocycle twists.
(ii) Using [29, Proposition 3.9(i)] one can see that if A satisfies the Auslander
condition then so must AGµ. The twist A
G,µ then satisfies the Auslander condition
by [28, Theorem 2.2(iv)], since the only hypothesis needed is that the extension be
flat – this is true by Lemma 4.6.
It remains to show that injective dimension is preserved and, by symmetry it
suffices to show this for left injective dimension. Consider the G-grading on AGµ
for which (AGµ)g = A ⊗ g for all g ∈ G. Under this grading AGµ is a strongly
G-graded ring, thus one can apply [22, Corollary 2.7] with R = N = AGµ and
σ = e. That result implies that
idim AGµAGµ = idim (AGµ)e(AGµ)e = idim AA.
Now consider the G-grading on AGµ under which (AGµ)g = A
G,µ(1⊗ g) for all
g ∈ G. This G-grading is induced by the diagonal action of G on AGµ. It is clear
that AGµ is a strongly G-graded ring under this grading as well. One can therefore
apply [22, Corollary 2.7] once again to see that
idim AGµAGµ = idim (AGµ)e(AGµ)e = idim AG,µA
G,µ.
(iii) We saw in the proof of (ii) that the Auslander condition is preserved. One
can then use Proposition 4.14 to show that the global dimensions of A and AG,µ
are equal, which completes the proof. 
5. Twists in relation to Rogalski and Zhang’s classification
We will now apply the prior theory to the work in [25]. As such, we will assume
that char(k) = 0 for the duration of this section.
Rogalski and Zhang classify AS-regular domains of dimension 4 satisfying two
extra conditions: they are generated by three degree 1 elements and admit a proper
Z2-grading. Properness of such a grading, A =
⊕
n,m∈ZAm,n say, means that
A0,1 6= 0 and A1,0 6= 0. Their main results are summarised in the following theorem.
Theorem 5.1 ([25, Theorems 0.1 and 0.2]). Let A be an AS-regular domain of
dimension 4 which is generated by three degree 1 elements and properly Z2-graded.
Then either A is a normal extension of an AS-regular algebra of dimension 3, or up
to isomorphism it falls into one of eight 1 or 2 parameter families, A−H. Moreover,
any such algebra is strongly noetherian, Auslander regular and Cohen-Macaulay.
In order to study cocycle twists of such algebras we require graded algebra au-
tomorphisms, where in this case graded refers to the c.g. structure rather than the
additional Z2-grading. Section 5 of Rogalski and Zhang’s paper is concerned with
precisely this topic. The key result is the following, where generic means avoiding
some finite set of parameters given in the statement of [25, Lemma 5.1].
Theorem 5.2 ([25, Theorem 5.2(a)]). Consider a generic AS-regular algebra A in
one of the families A − H. The graded automorphism group of A is isomorphic
either to k×× k× or to k×× k××C2. The first case occurs for the families A(b, q)
with q 6= −1, D(h, b) with h 6= b4, F and H. The second case occurs if A belongs
to one of the families A(b,−1), B, C, D(h, b) with h = b4, E or G.
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The automorphisms corresponding to k×× k× come from scaling components of
the Z2-grading.
Let us fix some notation for the remainder of the section. The algebra A will be
generated by the three degree 1 elements x1, x2 and x3, where x1, x2 ∈ A1,0 and x3 ∈
A0,1. We will follow Rogalski and Zhang in referring to the extra automorphism
of order 2 as the quasi-trivial automorphism. This automorphism interchanges x1
and x2 whilst fixing x3.
We now move onto the main result of this section, in which we show that the
presence of the quasi-trivial automorphism implies the existence of cocycle twists
relating algebras in different families. We will use the notation vi to denote gener-
ators of a cocycle twist when we wish to suppress the new multiplication symbol
∗µ.
Theorem 5.3. Let G = (C2)
2 = 〈g1, g2〉 and let µ denote the 2-cocycle on G
defined by
µ(gp1g
q
2 , g
r
1g
s
2) = (−1)ps
for all p, q, r, s ∈ {0, 1}. Fix the isomorphism G ∼= G∨ given by g 7→ χg, where
χg(h) =
{
1 if g = e or h ∈ {e, g}
−1 otherwise,
for all g, h ∈ G. Then there are k-algebra isomorphisms
A(1,−1)G,µ ∼= D(1, 1), B(1)G,µ ∼= C(1), E(1, γ)G,µ ∼= E(1,−γ),
G(1, γ)G,µ ∼= G(1, γ).
In order to save space we will not write out the defining relations of these alge-
bras, but recommend that the reader has [25] to refer to when reading the proof.
Proof of 5.3. Let us begin by defining the action of G which we will use for each
of the cocycle twists we perform. Note that all of the algebras in the statement of
the result admit the quasi-trivial automorphism. Therefore we can let g1 act via
the quasi-trivial automorphism and g2 act by multiplying x3 by -1 and fixing the
other two generators.
Since the standard generators are not diagonal with respect to this action, we
will instead use the generators
w1 = x1 + x2, w2 = x1 − x2, w3 = x3,
which are homogeneous with respect to any induced G-grading, since all automor-
phisms act on them diagonally. Denoting the algebra we wish to twist by A, the
induced G-grading on the new generators is given by
w1 ∈ Ae, w2 ∈ Ag2 , w3 ∈ Ag1 .
The defining relations of any algebra in one of the eight families belong to dif-
ferent components of the Z2-grading. Observe that the algebras A(1,−1), B(1),
C(1) and D(1, 1) share three relations, only being distinguished from each other by
their relations in the (2, 1)-component. Writing the shared relations in terms of the
diagonal basis we show that they are left invariant under the twist.
The first two are quadratic relations:
0 = w21 − w22 =
w1 ∗µ w1
µ(e, e)
− w2 ∗µ w2
µ(g2, g2)
= w1 ∗µ w1 − w2 ∗µ w2 = v21 − v22 ,
0 = w3w1 − w1w3 = w3 ∗µ w1
µ(g1, e)
− w1 ∗µ w3
µ(e, g1)
= w3 ∗µ w1 − w1 ∗µ w3 = v3v1 − v1v3,
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while the third relation is cubic:
0 = w23w2 − w2w23 =
w3 ∗µ w3 ∗µ w2
µ(g1, g1)µ(e, g2)
− w2 ∗µ w3 ∗µ w3
µ(g2, g1)µ(g1g2, g1)
= w3 ∗µ w3 ∗µ w2 − w2 ∗µ w3 ∗µ w3
= v23v2 − v2v23 .
Thus, to verify the first two isomorphisms in the statement of the result it suffices
to consider the behaviour under the twist of the only relation they do not share.
We first twist this relation in the algebra A(1,−1), having once again written it in
terms of the new generators beforehand:
0 = [w3, [w1, w2]+]
= w3w1w2 + w3w2w1 − w1w2w3 − w2w1w3
=
w3 ∗µ w1 ∗µ w2
µ(g1, e)µ(g1, g2)
+
w3 ∗µ w2 ∗µ w1
µ(g1, g2)µ(g1g2, e)
− w1 ∗µ w2 ∗µ w3
µ(e, g2)µ(g2, g1)
− w2 ∗µ w1 ∗µ w3
µ(g2, e)µ(g2, g1)
= −w3 ∗µ w1 ∗µ w2 − w3 ∗µ w2 ∗µ w1 − w1 ∗µ w2 ∗µ w3 − w2 ∗µ w1 ∗µ w3
= −[v3, [v1, v2]+]+.
This relation is the same as that in D(1, 1) under the new generators, which proves
the first isomorphism.
Let us now move on to B(1). Twisting the non-shared relation we see that
0 = [w3, [w2, w1]]+
= w3w2w1 − w3w1w2 + w2w1w3 − w1w2w3
=
w3 ∗µ w2 ∗µ w1
µ(g1, g2)µ(g1g2, e)
− w3 ∗µ w1 ∗µ w2
µ(g1, e)µ(g1, g2)
+
w2 ∗µ w1 ∗µ w3
µ(g2, e)µ(g2, g1)
− w1 ∗µ w2 ∗µ w3
µ(e, g2)µ(g2, g1)
= −w3 ∗µ w2 ∗µ w1 + w3 ∗µ w1 ∗µ w2 + w2 ∗µ w1 ∗µ w3 − w1 ∗µ w2 ∗µ w3
= [v3, [v1, v2]].
This relation is shared by C(1) under the new generating set, which proves the
second isomorphism.
We now move on to the remaining two isomorphisms. The algebras in the rele-
vant families share three relations, two of which we have already shown are preserved
under the cocycle twist. This is also true for the third relation, which as yet we
have not encountered:
0 = w23w2 + w2w
2
3 =
w3 ∗µ w3 ∗µ w2
µ(g1, g1)µ(e, g2)
+
w2 ∗µ w3 ∗µ w3
µ(g2, g1)µ(g1g2, g1)
= w3 ∗µ w3 ∗µ w2 + w2 ∗µ w3 ∗µ w3
= v23v2 + v2v
2
3 .
Once again, it suffices to see what happens to the non-shared relation. In E(1, γ),
where i =
√−1 and γ = ±i, one has
0 = w3w2w1 − w1w3w2 + γw1w2w3 − γw2w1w3
=
w3 ∗µ w2 ∗µ w1
µ(g1, g2)µ(g1g2, e)
− w1 ∗µ w3 ∗µ w2
µ(e, g1)µ(g1, g2)
+ γ
w1 ∗µ w2 ∗µ w3
µ(e, g2)µ(g2, g1)
− γ w2 ∗µ w1 ∗µ w3
µ(g2, e)µ(g2, g1)
= −w3 ∗µ w2 ∗µ w1 + w1 ∗µ w3 ∗µ w2 + γw1 ∗µ w2 ∗µ w3 − γw2 ∗µ w1 ∗µ w3
= −v3v2v1 + v1v3v2 + γv1v2v3 − γv2v1v3.
This is the final relation in E(1,−γ) under the new generators, which proves the
penultimate isomorphism.
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We now twist the final relation of G(1, γ), where γ = 1+i2 and so γ = 12γ :
0 = w3w1w2 + w3w2w1 + iw1w2w3 + iw2w1w3
=
w3 ∗µ w1 ∗µ w2
µ(g1, e)µ(g1, g2)
+
w3 ∗µ w2 ∗µ w1
µ(g1, g2)µ(g1g2, e)
+ i
w1 ∗µ w2 ∗µ w3
µ(e, g2)µ(g2, g1)
+ i
w2 ∗µ w1 ∗µ w3
µ(g2, e)µ(g2, g1)
= −w3 ∗µ w1 ∗µ w2 − w3 ∗µ w2 ∗µ w1 + iw1 ∗µ w2 ∗µ w3 + iw2 ∗µ w1 ∗µ w3
= −v3v1v2 − v3v2v1 + iv1v2v3 + iv2v1v3.
This is precisely the final relation of G(1, γ) under the new generators, which proves
the last isomorphism in the statement of the theorem. 
Combined with the fact that A(b,−1), B(b), C(b), D(b, b4), E(b, γ) and G(b, γ)
are Zhang twists of the respective algebras in the statement of Theorem 5.3 for any
parameter b ∈ k× [25, §3], this result gives further information about such algebras
up to Zhang twists.
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